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An oscillator network (an odd kind of sympathy)

It is quite worth noting that when we suspended two clocks so constructed from two hooks 
imbedded in the same wooden beam, the motions of each pendulum in opposite swings were so 
much in agreement that they never receded the least bit from each other and the sound of each 
was always heard simultaneously. Further, if this agreement was disturbed by some interference, it 
reestablished itself in a short time. For a long time I was amazed at this unexpected result, but after 
a careful examination finally found that the cause of this is due to the motion of the beam, even 
though this is hardly perceptible.                                          Christiaan Huygens 17th Century.

For videos of synchronising metronomes see https://www.youtube.com/watch?v=W1TMZASCR-I

https://www.youtube.com/watch?v=W1TMZASCR-I


A generic oscillator: Stuart-Landau model 

ż = (1+ i⌘)z- (1+ i↵)z|z|2
<latexit sha1_base64="YgkIJg0Df+3WxP8Z4i69tNoycHs="></latexit>

Ṙ = R(1- R2), ✓̇ = ⌘- ↵R2,
<latexit sha1_base64="w2r8bKaFzxsitBga6By/CvP/gUU="></latexit>

It is common practice to characterise 
an oscillator in terms of its phase 
response to a perturbation.  

This gives rise to the notion of a so-
called phase response curve (PRC).  

Rewriting in polar coordinates using z = Rei✓
<latexit sha1_base64="rRrem5NzuxYvqGSYqPdI7kGvmT8="></latexit>

gives



Isochrons and phase response

Dynamical system: ẋ = f(x), x 2 Rn
<latexit sha1_base64="+Z6trjDFebkOsBbzQjk6dpkypGc="></latexit>

x0(t+ �) = x0(t)
<latexit sha1_base64="KW60Wi9IxYjxHa3oOKuGHSs2klE="></latexit>

Stable limit cycle: � = {x0(t) 2 Rn; t 2 R}
<latexit sha1_base64="WO/jE+sMSsXRy+eurFJ5aqE8niw="></latexit>

Assign a phase coordinate     to each point          according to �
<latexit sha1_base64="0pOJy16fOC4EsjuCdUZIqMsxF1k="></latexit>

x 2 �
<latexit sha1_base64="iBvojRJ4xZ/gotb0+5CRvIhHqZQ="></latexit>

d

dt
�(x) = !

<latexit sha1_base64="wftP/Avvt3P5F3BThzq9/OaHERk="></latexit>

! =
2⇡

�
<latexit sha1_base64="nb7lRM6I+F/ap5FjugIb5WH4FJo="></latexit>

An isochron 
extends the 
notion of phase 
to off-cycle.



Isochrons for separable plane-polar models

ṙ = F(r), ✓̇ = !(r)
<latexit sha1_base64="VUGsf0M3vswSUTmKHHO83JPoSWo="></latexit>

Suppose that there is a stable limit cycle at            with angular 
frequency 

r = r0
<latexit sha1_base64="hRv5FswBtvN1MTLX/2lWOmQfQ0Y="></latexit>

! = !(r0)
<latexit sha1_base64="fcxoQnycubk0u5OMhh43ABr/djI="></latexit>

By polar symmetry, the equation for an isochron is

� = constant = ✓- f(r), f(r0) = 0
<latexit sha1_base64="AGOUGZso9lb7heLSe795IrXU420="></latexit>

Differentiate with respect to t<latexit sha1_base64="f6Np6+1GDxKsK3SSLSFINqctN3I="></latexit>

�̇ ⌘ !(r0) = ✓̇-
df

dr
ṙ

<latexit sha1_base64="gY5zGQ1TyOFuTL5n0eltnHtufTw="></latexit>

df

dr
=

!(r)-!(r0)

F(r)
<latexit sha1_base64="MGwNf2hqDw4oV+w65rC73pbOBvM="></latexit>

Hence



Isochrons for Stuart-Landau model

F(R) = R(1- R2), !(R) = ⌘- ↵R2
<latexit sha1_base64="pmi1hk7Jh5a3hyMSaH5A5jZUavQ="></latexit>

df

dR
=

!(R)-!(R0)

F(R)
=

⌘- ↵R2 - (⌘- ↵)

R(1- R2)
= ↵

1- R2

R(1- R2)
=

↵

R
<latexit sha1_base64="4ki2CmStf9GepaDYGiLwfsTSMms=">AAAEm3icdZPfbtMwFMbdUmCUfx1cIiRrFVInWJV0Q3CDtLFRIcRQ19FtoukqxznpotlJZDuDyfJr8G48BG/ABU4TUNu1lqKcnO/72c5n2U9ZJJXj/KpUb9Vu37m7dq9+/8HDR48b609OZJIJCgOasESc+UQCi2IYqEgxOEsFEO4zOPUv93P99AqEjJL4q7pOYcTJJI7CiBJlW+PGT697oEOj+wa/w14oCNVewmFCWv1NvIX/1W </latexit>

Isochrons are spirals.

� = ✓- ↵ logR
<latexit sha1_base64="Qqth2Tra+z3nEE1ZmtHKBF9ozGg="></latexit>



Phase response

�(x+ �x) = �(x) + hrx�(x), �xi+ . . .
<latexit sha1_base64="7nuFBrFiaSC/GT72PtJYnIZrPmw="></latexit>

Q = rx�
<latexit sha1_base64="xIUbmd5RLFAj1cZb4x9Dat8F+yo="></latexit>

iPRC

Ensures d

dt
�(x0) = hrx0

�(x0),
d

dt
x0i = !

<latexit sha1_base64="6WrTehvTvzY4S6wjgDJJ91cNnWQ="></latexit>

In general iPRC or adjoint satisfies

d

dt
Q = -Df>(x0(t))Q, hQ(x0), f(x0(0))i = !

<latexit sha1_base64="xQ8yAiATI50eaS9a4hF6rLE2Zfw="></latexit>

�d

dt
✓ = !

<latexit sha1_base64="uvXP6e8MgKrrQEjDRABpmr3u7q4="></latexit>



Phase dynamics

Effect of a small external periodic force on the self sustained 
oscillations:

ẋ = f(x) + ✏p(x, t), p(x, t) = p(x, t+ T)
<latexit sha1_base64="Yyce+m8L+5pAXYrAfVhaGDIBwoI="></latexit>

T 6= �
<latexit sha1_base64="4mqXMngSR0E0omhwDjsG/hZftqU="></latexit>

�̇ = hrx�, ẋi = hrx�, f(x) + ✏p(x, t)i = !+ ✏hrx�, p(x, t)i
<latexit sha1_base64="mtkmNR7RMGFiGQz1/20HQFzVAfo="></latexit>

To a first approximation evaluate the rhs on the limit-cycle 
to get the phase dynamics:

�̇ = !+ ✏I(�, t), I(�, t) = hQ(x0), p(x0, t)i
<latexit sha1_base64="uffQcdn4/5ZGZ3NmVtX+CZpU7FQ="></latexit>



Averaging

Phase dynamics still hard to analyse :(

Rotating frame  = �- 2⇡t/T
<latexit sha1_base64="9fnRLZ1OaVBDTPtizKiI5kkL4eM="></latexit>

 ̇ = -�!+ ✏I( + 2⇡t/T, t), �! =
2⇡

T
-!

<latexit sha1_base64="gsXu0wO6BSI29oCeP9r9Ic3NaRE="></latexit>

Detuning

For    and        small,     evolves slowly and we may average
over one period   

✏
<latexit sha1_base64="j7uAmLzfpM87fm+8rQWBfAQUhP4="></latexit>

�!
<latexit sha1_base64="iwz5EcRo/80qUJfx5l9On1UN81M="></latexit>  

<latexit sha1_base64="WmtwJi9BR0T5s6T4Z8pJ+t+Nc6s="></latexit>

 ̇ ' -�!+ ✏H( )
<latexit sha1_base64="7FFaAR3Pf5ArwjZ9uydQ+cHJ378="></latexit>

H( ) =
1

T

ZT

0

hQ(x0( + 2⇡s/T)), p(x0( + 2⇡s/T), s)i ds
<latexit sha1_base64="0GWldiOPTnAh4VGxamYzuA7oIX8="></latexit>

Phase Interaction Function



Adler equation - classic example

H( ) = sin 
<latexit sha1_base64="HKvk3LdsIE6imYRiax4ceM9IIJs="></latexit>

Synchronisation condition
����
�!

✏

���� < 1
<latexit sha1_base64="Kwkh2TYU74ohRyDSyswVHx4Iluk="></latexit>
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Weakly Coupled Network
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Direct product of hyperbolic limit cycles is a normally hyperbolic 
invariant manifold 

xi 2 Rm
<latexit sha1_base64="EDfgY09JPRk//u2i8WrDI3pPhIw="></latexit>

ẋi = f(xi) + ✏
NX

j=1

wijG(xj)

<latexit sha1_base64="altTayotKmwfwdB9AYBexvlqxPA="></latexit>

Uncoupled system has an 
exponentially stable limit cycle  

Drive

iPRC



Averaging: phase-difference network 

Kuramoto network:



General phase-locked states

Phase-locked state: 

constant emergent frequency

After choosing some reference oscillator, these    equations
determine the collective frequency     and           relative phases. 

Linear stability: 



Jacobian 

Synchrony ✓1 = ✓2 = . . . = ✓N-1 = ✓N, ✓̇i = ⌦
<latexit sha1_base64="Mw7esHA0yZdCpdZoektCk525HX4="></latexit>

⌦ = !+ ✏H(0)
NX

j=1

wij, 8i
<latexit sha1_base64="sk4ypoKzeb4MzdRx3Q45Cc5iyzw="></latexit>

Solutions exist for diffusive coupling              or H(0) = 0
<latexit sha1_base64="S6sq477eEqqK/PBPfeo0XABnn88="></latexit>P

j wij = const
<latexit sha1_base64="rgy5wCnDnNllficTsjWI8NOHqrs="></latexit>

bH = -✏GH
0(0),

<latexit sha1_base64="7Kxpi6osF0Igc7QvLsBa7Vzr1tQ="></latexit>

Gij = -wij + �ij
P

k wik
<latexit sha1_base64="/iGGFfR/IYo32u9xmXzuwJ55wck="></latexit>

G = Graph Laplacian
<latexit sha1_base64="btkihRjnlHmTxzeWsQPAQcQ4o3I="></latexit>



gap junction
coupling
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An example - Morris-Lecar network 
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Stability of phase-locked states
φ+β

φ+2β

φ+3β

φ

φ

φ1

2
φ3

β = 1/Ν

Dim(Fix(Γ)) = 1 Dim(Fix(Γ)) = 3

Bifurcations from maximally symmetric solutions 
to ones with smaller isotropy groups. eg. cluster states.
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Biorobotics lab at EPFL
http://biorob.epfl.ch/

Phase oscillator networks in 
neuroscience
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Mathematical Frameworks for Oscillatory 
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